In this paper, we consider the setting of b-metric spaces to establish results regarding the common fixed points of two mappings, using a contraction condition defined by means of a comparison function. An example is presented to support our results comparing with existing ones. MSC: 49H09; 47H10
Introduction
The contraction principle of Banach [] , proved in , was followed by diverse works about fixed points theory regarding different classes of contractive conditions on some spaces such as: quasi-metric spaces [ The aim of this paper is to consider and establish results on the setting of b-metric spaces, regarding common fixed points of two mappings, using a contraction condition defined by means of a comparison function. An example is given to support our results.
Preliminaries
Definition  Let X be a nonempty set and
It is obvious that a b-metric space with base s =  is a metric space. As usual, a b-metric space is said to be complete if and only if each Cauchy sequence in this space is convergent.
Regarding the properties of a b-metric space, we recall that if the limit of a convergent sequence exists, then it is unique. Also, each convergent sequence is a Cauchy sequence. But note that a b-metric, in the general case, is not continuous (see Roshan et al. [] ).
The continuity of a mapping with respect to a b-metric is defined as follows. 
Clearly, if ϕ is a comparison function, then ϕ(t) < t for each t > . For different properties and applications of comparison functions on partial metric spaces, we refer the reader to [] . http://www.fixedpointtheoryandapplications.com/content/2014/1/135
Main results
Now we are ready to prove our main results. Proof Let x  ∈ X be arbitrary. We define a sequence {x n } as follows:
Theorem  Let (X, d) be a complete b-metric space with a constant s and T, S
Suppose that there is some n ∈ N such that x n = x n+ . If n = k, then x k = x k+ and from the contraction condition (.) with x = x k and y = x k+ we have
Hence, as we supposed that x k = x k+ and as a comparison function ϕ is non-decreasing,
If we assume that d(x k+ , x k+ ) > , then we have, as ϕ(t) < t for t > ,
Thus we have x k = x k+ = x k+ . By (.), it means x k = Tx k = Sx k , that is, x k is a common fixed point of T and S.
If n = k + , then using the same arguments as in the case x k = x k+ , it can be shown that x k+ is a common fixed point of T and S.
From now on, we suppose that x n = x n+ for all n ∈ N. Now we shall prove that
There are two cases which we have to consider. http://www.fixedpointtheoryandapplications.com/content/2014/1/135
From the contraction condition (.) with x = x k and y = x k- we get
Since L < /, we get
Now, if we suppose that max{sd(x k , x k- ), sd(x k , x k+ )} = sd(x k , x k+ ), then by the property (a) of ϕ in Definition  we get
a contradiction. Therefore, from the above inequality we have
Thus we proved that (.) holds for n = k. Case II. n = k + , k ∈ N. Using the same argument as in the Case I, it can be proved that (.) holds for n = k + , that is,
From (.) and (.) we conclude that the inequality (.) holds for all n ∈ N. From (.), by the induction it is easy to prove that
Since lim n→+∞ ϕ n (t) =  for all t > , from (.) it follows that Let m, n ∈ N with m > n. By induction on m, we shall prove that
Let n ≥ n  and m = n + . Then from (.) and (.) we get
Thus (.) holds for m = n + . Assume now that (.) holds for some m ≥ n + . We have to prove that (.) holds for m + . We have to consider four cases. Case I. n is odd, m +  is even. From the contraction condition (.) we get
Hence we get, as d(x m , x m+ ) < d(x n- , x n ) and ϕ(t) < t for all t > ,
If from (.) we have sd(x n , x m+ ) < sd(x n- , x n ), then by (.),
, then by the (general) triangle inequality,
Now, by (.) and the induction hypothesis (.),
Thus we proved that in this case (.) holds for m + . Therefore, by induction, we conclude that in Case I the inequality (.) holds for all m > n. Case II. n is even, m +  is odd. The proof of (.) in this case is similar to one given in Case I.
Case III. n is even, m +  is even. Using the (general) triangle inequality and the contraction condition (.), we obtain
Hence we get, as
If (.) implies
then by the (general) triangle inequality we have
Hence we get
Now, by (.) and the induction hypothesis (.), we have Thus we proved that (.) holds for m + . Therefore, by induction, we conclude that in Case III the inequality (.) holds for all m > n. Case IV. n is odd, m +  is odd. The proof of (.) in this case is similar to one given in Case III.
Therefore, we proved that in all of four cases the inequality (.) holds. From (.) it follows that {x n } is a Cauchy sequence. Since (X, d) is a complete b-metric space, then {x n } converges to some u ∈ X as n → +∞. Now we shall prove that if one of the mappings T or S is continuous, then Tu = Su = u. Without loss of generality, we can suppose that S is continuous. Clearly, as x n → u, then by (.) we have Sx n+ = x n+ → u as n → +∞. Since x n+ → u and S is continuous, then Sx n+ → Su. Thus, by the uniqueness of the limit in a b-metric space, we have Su = u. Now, from the contraction condition (.),
If we suppose that d(u, Tu) > , then we have
a contradiction. Therefore, d(u, Tu) = . Hence Tu = u. Thus we proved that u is a common fixed point of T and S.
Suppose now that u and v are different common fixed points of T and S, that is, , v) , a contradiction. Thus we proved that S and T have a unique common fixed point in X.
If S = T in Theorem , then we have the following result. Omitting the continuity assumption of mapping T or S in Theorem , modifying the contraction condition (.) and imposing on a comparison function ϕ a corresponding condition, then we can prove the following theorem. Proof Since the contraction condition (.) implies the contraction condition (.) in Theorem , then from the proof of Theorem  it follows that a sequence {x n }, defined as in (.), converges to some u ∈ X, that is,
Now we prove that Su = u. From the contraction condition (.) and by the monotonicity of ϕ we obtain sd(x n+ , Su) = sd(Tx n , Su)
Since ϕ is non-decreasing and L < , from (.) we get
Then, in virtue of (.),
where r ≥ . Let {t n k } be a subsequence of {t n } such that t n k → r as k → ∞. For simplicity, denote {t n k } again by {t n }. Hence we have x n+ → Su as n → ∞. Since by (.), x n+ → u, and as the limit in a b-metric space is unique, it follows that Su = u. Now, by (.),
If S = T in Theorem , then we get the following result. Therefore, we showed that the contraction condition (.) is satisfied in all cases. Thus we can apply our Theorem , and T and S have a unique common fixed point u = .
